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ON Lp-ESTIMATES OF SOME SINGULAR INTEGRALS
RELATED TO JUMP PROCESSES
R. MIKULEVICIUS AND H. PRAGARAUSKAS
Abstract. We estimate fractional Sobolev and Besov norms of
some singular integrals arising in the model problem for the Zakai
equation with discontinuous signal and observation.
1. Introduction
In a complete probability space (Ω,F ,P) with a filtration of σ-
algebras F = (Ft) satisfying the usual conditions, the following lin-
ear stochastic integro-differential parabolic equation of the fixed order
α ∈ (0, 2] was considered in Ho¨lder classes (see [6]):
(1.1){
du(t, x) =
(
A(α)u(t, x) + f(t, x)
)
dt+
∫
U
g(t, x, v)q(dt, dv) in E0,T ,
u(0, x) = u0(x) in R
d,
where E0,T = [0, T ] × Rd, f is an F-adapted measurable real-valued
function on Rd+1,
A(α)u(t, x)
=
∫
Rd0
[u(t, x+ y)− u(t, x)− (∇u(t, x), y)χ(α)(y)]m(α)(t, y) dy|y|d+α
+
(
b(t),∇u(t, x))1α=1 + d∑
i,j=1
Bij(t)∂2iju(t, x)1α=2, (t, x) ∈ Rd+1,
χ(α)(y) = 1α>1 + 1|y|611α=1, m(α)(t, y) is a bounded measurable real-
valued function homogeneous in y of order zero, Rd0 = R
d\{0}, b(t) =
(b1(t), . . . , bd(t)) is a bounded measurable function and B(t) = (Bij(t))
is a bounded symmetric non-negative definite measurable matrix-valued
function;
q(dt, dυ) = p(dt, dυ)− Π(dυ)dt
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is a martingale measure on a measurable space ([0,∞)×U,B([0,∞))⊗
U) (p(dt, dυ) is a Poisson point measure on ([0,∞)×U,B([0,∞))⊗U)
with the compensator Π(dυ)dt) and g is an F-adapted measurable real-
valued function on Rd+1 × U. It is the model problem for the Zakai
equation (see [16]) arising in the nonlinear filtering problem with dis-
continuous observation (see [6]). Let us consider the following example.
Example 1. Assume that the signal process Xt in R
d is defined by
Xt = X0 +
∫ t
0
b(Xs)ds+W
α
t , t ∈ [0, T ],
where b(x) = (bi(x))1≤i≤d,x ∈ Rd, are measurable and bounded W αt is
a d-dimensional α-stable (α ∈ (1, 2)) Le´vy process. Suppose
W αt =
∫ t
0
∫
υ[p(ds, dυ)−m
(
υ
|υ|
)
dυds
|υ|d+α ],
where m( υ|υ|) is a smooth bounded function (it characterizes the inten-
sity of the jumps of W α in in the direction υ|υ|) and p(ds, dυ) is a
Poisson point measure on [0,∞)×Rd0 with
Ep(ds, dυ) = m(
υ
|υ|)
dυds
|υ|d+α .
Assume X0 has a density function u0 (x) , and the observation Yt is
discontinuous, with jump intensity depending on the signal, such that
Yt =
∫ t
0
∫
|y|>1
ypˆ(ds dy) +
∫ t
0
∫
|y|61
yqˆ(ds, dy),
where pˆ(ds, dy) is a point measure on [0,∞) × Rd0 not having com-
mon jumps with W α with a compensator ρ(Xt, y)pi(dy) and qˆ(dt, dy) =
pˆ(dt, dy)− pi(dy)dt. Assume C1 > ρ(x, y) > c1 > 0, pi(dy) is a measure
on Rd0 such that ∫
|y|2 ∧ 1pi(dy) <∞,
and
∫
[ρ(x, y) − 1]2pi(dy) is bounded. Then for every function ϕ such
that E[ϕ(Xt)
2] <∞, the optimal mean square estimate for ϕ (Xt) , t ∈
[0, T ], given the past of the observations F Yt = σ(Ys, s 6 t), is of the
form
ϕˆt = E
[
ϕ(Xt)|FYt
]
=
E˜
[
ϕ(Xt)ζt|FYt
]
E˜
[
ζt|FYt
] ,
where ζt is the solution of the linear equation
dζt = ζt−
∫
[ρ(Xt−, y)− 1]qˆ(dt, dy)
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and dP˜ = ζ (T )−1 dP. Under assumptions of differentiability, one can
easily show that if v(t, x) is an F = (F Yt+)-adapted unnormalized filter-
ing density function
(1.2) E˜
[
ϕ (Xt) ζt|FYt
]
=
∫
v (t, x)ψ (x) dx,
then it is a solution of the Zakai equation
dv(t, x)(1.3)
= v(t, x)
∫
[ρ(x, y)− 1]qˆ(dt, dy) +
{
− ∂i
(
bi(x)v(t, x)
)
+
∫
Rd0
[v(t, x+ y)− v(t, x)− (∇v(t, x), y)]m(−y|y| )
dy
|y|d+α
}
,
v(0, x) = u0(x).
Since Yt, t > 0, and Xt, t > 0, are independent with respect to P˜ , for
u (t, x) = v (t, x)− u0 (x) we have an equation whose model problem is
of the type given by (1.1). Indeed, according to [2], for any infinitely
differentiable function ϕ on Rd with compact support, the conditional
expectation pit(ϕ) = E˜
[
ϕ (Xt) ζ t|FYt
]
satisfies the equation
dpit(ϕ) =
∫
pit
(
ϕ[ρ(·, y)− 1])qˆ(dt, dy) + pit{(b,∇ϕ)
+
∫
Rd0
[
ϕ(·+ y)− ϕ− (∇ϕ, y)χ(α)(y)]m(t, y|y|) dy|y|d+α
}
dt.
Assuming (1.2) and integrating by parts, we obtain (1.3).
In terms of Fourier transform,
A(α)v(x) = F−1
[
ψ(α)(t, ξ)Fv(ξ)
]
(x),
with
ψ(α)(t, ξ) = i(b(t), ξ)1α=1 −
d∑
i,j=1
Bij(t)ξiξj1α=2
−C
∫
Sd−1
|(w, ξ)|α
[
1− i
(
tan
αpi
2
sgn(w, ξ)1α6=1
−2
pi
sgn(w, ξ) ln |(w, ξ)|1α=1
)]
m(α)(t, w)dw,
where C = C(α, d) is a positive constant, Sd−1 is the unit sphere in
Rd and dw is the Lebesgue measure on it. It was shown in [6] that in
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Ho¨lder classes the solution of (1.1) can be represented as
(1.4) u(t, x) = Rf(t, x) + R˜g(t, x) + Ttu0(x),
where
Rf(t, x) =
∫ t
0
Gs,t ∗ f(s, x)ds,
R˜g(t, x) =
∫ t
0
∫
U
Gs,t ∗ g(s, x, υ)q(ds, dυ),(1.5)
Ttu0(x) = G0,t ∗ u0(x),
with
Gs,t(x) = F−1
(
exp
{∫ t
s
ψ(α)(r, ξ)dr
})
x, s ≤ t, x ∈ Rd,
and ∗ denoting the convolution with respect to the space variable
x ∈ Rd. According to [11], Gs,t is the density function of an α- stable
distribution, and A(α) is the fractional Laplacian if b = 0 andm(a) = 1.
In order to estimate the Lp-norm of the fractional derivative
∂αu(t, x) = −F−1[|ξ|αFu(t, ξ)]
of u in (1.4), we need the estimates for ∂αRf, ∂αR˜g and ∂αTtu0. It was
derived in [7], that
|∂αRf |Lp ≤ C|f |Lp.
According to Corollary 2 below (it provides two-sided estimates for the
moments of a martingale),
E|∂αR˜g|pLp ≤ C[EI1 + EI2],
where
I1 =
∫ T
0
∫
Rd
{∫ t
0
∫
U
[∂αGs,t ∗ g(s, x, υ)]2Π(dυ)ds
}p/2
dxdt,(1.6)
I2 =
∫ T
0
∫ t
0
∫
Rd
∫
U
|∂αGs,t ∗ g(s, x, υ)|pΠ(dυ)dxdsdt.(1.7)
In this paper, we estimate the singular integrals of I1- and I2-types
related to R˜g(t, x) in (1.5) in Sobolev and Besov spaces. If α = 2 and
B is d×d-identity matrix, the estimate of I1-type was proved in [5].
This estimate for (1.6) was generalized in [4] for the case m(α) = 1,
b = 0 (in this case A(a) is the fractional Laplacian). Our derivation of
an estimate for (1.6) follows a slightly different idea communicated by
N.V. Krylov. The problem cannot be reduced to a case with fractional
Laplacian. In fact, m(α) can be zero on a substantial set (see Remark
1). The operator R˜g in Ho¨lder-Zygmund classes was estimated in [6].
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The results of this paper were applied in [9] to solve the model problem
above in the fractional Sobolev spaces.
The paper consists of five sections. In Section 2, we introduce the
notation and state the main results. In Section 3, we derive the two-
sided p-moment estimates of discontinuous martingales that explain the
need to consider (1.6) and (1.7). In the last two sections, we present
the proofs of the main results.
2. Notation, function spaces and main results
2.1. Notation. The following notation will be used in the paper.
Let N0 = {0, 1, 2, . . .},Rd0 = Rd\{0}. If x, y ∈ Rd, we write
(x, y) =
d∑
i=1
xiyi, |x| =
√
(x, x).
We denote by C∞0 (R
d) the set of all infinitely differentiable functions
on Rd with compact support.
We denote the partial derivatives in x of a function u(t, x) on Rd+1
by ∂iu = ∂u/∂xi, ∂
2
iju = ∂
2u/∂xi∂xj , etc.; ∂u = ∇u = (∂1u, . . . , ∂du)
denotes the gradient of u with respect to x; for a multiindex γ ∈ Nd0
we denote
∂γxu(t, x) =
∂|γ|u(t, x)
∂x
γ1
1 . . . ∂x
γd
d
.
For α ∈ (0, 2] and a function u(t, x) on Rd+1, we write
∂αu(t, x) = −F−1[|ξ|αFu(t, ξ)](x),
where
Fh(t, ξ) =
∫
Rd
e−i(ξ,x)h(t, x)dx,F−1h(t, ξ) = 1
(2pi)d
∫
Rd
ei(ξ,x)h(t, ξ)dξ.
The letters C = C(·, . . . , ·) and c = c(·, . . . , ·) denote constants de-
pending only on quantities appearing in parentheses. In a given context
the same letter will (generally) be used to denote different constants
depending on the same set of arguments.
2.2. Function spaces. Let S(Rd) be the Schwartz space of smooth
real-valued rapidly decreasing functions. Let V be a Banach space with
a norm | · |V . The space of V -valued tempered distributions we denote
by S ′(Rd, V ) (f ∈ S ′(Rd, V ) is a continuous V -valued linear functional
on S(Rd)).
For a V -valued measurable function h on Rd and p > 1 we denote
|h|pV,p =
∫
Rd
|h(x)|pV dx.
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Further, for a characterization of our function spaces we will use the
following construction (see [1]). By Lemma 6.1.7 in [1], there exists a
function φ ∈ C∞0 (Rd) such that supp φ = {ξ : 12 6 |ξ| 6 2}, φ(ξ) > 0 if
2−1 < |ξ| < 2 and
∞∑
j=−∞
φ(2−jξ) = 1 if ξ 6= 0.
Define the functions ϕk ∈ S(Rd), k = 1, . . . , by
Fϕk(ξ) = φ(2−kξ),
and ϕ0 ∈ S(Rd) by
Fϕ0(ξ) = 1−
∑
k>1
Fϕk(ξ).
Let β ∈ R and p > 1. We introduce the Besov space Bβpp =
Bβpp(R
d, V ) of generalized functions f ∈ S ′(Rd, V ) with finite norm
|f |Bβpp(Rd,V ) =
{ ∞∑
j=0
2jβp|ϕj ∗ f |pV,p
}1/p
,
the Sobolev space Hβp (R
d, V ) of f ∈ S ′(Rd, V ) with finite norm
|f |Hβp (Rd,V ) = |F−1((1 + |ξ|2)β/2Ff)|V,p(2.1)
=
∣∣(I −∆)β/2f ∣∣
V,p
,
where I is the identity map and ∆ is the Laplacian in Rd, and the
space H˜βp (R
d, V ) of f ∈ S ′(Rd, V ) with finite norm
(2.2) |f |H˜βp (Rd,V ) =

∫
Rd
( ∞∑
j=0
22βj|ϕj ∗ f(x)|2V
)p/2
dx

1/p
.
Similarly we introduce the corresponding spaces of generalized func-
tions on Ea,b = [a, b] ×Rd and E˜a,b = {(s, t, x) ∈ Rd+2 : a ≤ s ≤ t ≤
b, x ∈ Rd}.
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The spaces Bβpp(Ea,b, V ), H
β
p (Ea,b, V ) and H˜
β
p (Ea,b, V ) consist of all
measurable S ′(Rd, V )-valued functions on [a, b] with finite correspond-
ing norms:
|f |Bβpp(Ea,b,V ) =
{∫ b
a
|f(t, ·)|p
Bβpp(Rd,V )
dt
}1/p
,
|f |Hβp (Ea,b,V ) =
{∫ b
a
|f(t, ·)|p
Hβp (Rd,V )
dt
}1/p
(2.3)
and
(2.4) |f |H˜βp (Ea,b,V ) =
{∫ b
a
|f(t, ·)|p
H˜βp (Rd,V )
dt
}1/p
.
The spaces Bβpp(E˜a,b, V ), H
β
p (E˜a,b, V ) and H˜
β
p (E˜a,b, V ) consist of all
measurable S ′(Rd, V )-valued functions on {(s, t) : a 6 s 6 t 6 b} with
finite corresponding norms:
|f |Bβpp(E˜a,b,V ) =
{∫ b
a
∫ t
a
|f(s, t, ·)|p
Bβpp(Rd,V )
dsdt
}1/p
,
|f |Hβp (E˜a,b,V ) =
{∫ b
a
∫ t
a
|f(s, t, ·)|p
Hβp (Rd,V )
dsdt
}1/p
(2.5)
and
(2.6) |f |H˜βp (E˜a,b,V ) =
{∫ b
a
∫ t
a
|f(s, t, ·)|p
H˜βp (Rd,V )
dsdt
}1/p
.
For the scalar functions the norms (2.1) and (2.2) are equivalent (see
[15], p. 15). Therefore, the norms (2.3) and (2.4) as well as (2.5) and
(2.6) are equivalent.
If V is a separable Hilbert space, we will also use the spaces B¯βpp(E˜a,b, V )
and H¯βp (E˜a,b, V ) consisting of measurable S
′(Rd, V )-valued functions
on {(s, t) : a ≤ s ≤ t ≤ b} with finite norms
|f |B¯βpp(E˜a,b,V ) =
{ ∞∑
j=0
2jβp
∫ b
a
∫
Rd
(∫ t
a
∣∣ϕj ∗ f(s, t, x)∣∣2V ds)p/2dxdt}1/p
and
|f |H¯βp (E˜a,b,V ) =
{∫ b
a
∫
Rd
(∫ t
a
∣∣F−1((1+|ξ|2)β/2Ff)(s, t, x)∣∣2
V
ds
)p/2
dxdt
}1/p
.
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2.3. Main results. Throughout the paper we assume that the func-
tions b = b(t), B = B(t) and m(α)(t, y) ≥ 0 are measurable, m(2) = 0
and ∫
Sd−1
wm(1)(t, w)dw = 0, t ∈ R.
Also, we will need the following assumptions.
A. (i) The function m = m(t, y) ≥ 0 is 0-homogeneous and differ-
entiable in y up to d0 =
[
d
2
]
+ 1;
(ii) There is a constant K such that for each α ∈ (0, 2) and t ∈ R
|b(t)|+ |B(t)|+ sup
|γ|≤d0,
|ξ|=1
|∂γym(α)(t, y)| ≤ K.
B. There is a constant µ > 0 such that
sup
t,|ξ|=1
Reψ(α)(t, ξ) ≤ −µ.
Remark 1. The assumption B holds with certain µ > 0 if, for example,
inf
t,|ξ|=1
(B(t)ξ, ξ) > 0, α = 2,
inf
t,w∈Γ
m(α)(t, w) > 0, α ∈ (0, 2),
for a measurable subset Γ ⊆ Sd−1 of a positive Lebesgue measure.
Given a measurable S ′(Rd, V )-valued function g on R, we consider
a linear operator I that assigns to it a S ′(Rd, V )-valued function on
{(s, t) : s ≤ t} :
Ig(s, t, x) = Gs,t ∗ g(s, x), s ≤ t, x ∈ Rd.
The main results of the paper are the two propositions given below.
Proposition 1 in the case V = Lp(U,U ,Π) is related to the integral I2
in (1.7) and Proposition 2 in the case V = L2(U,U ,Π) is related to the
integral I1 in (1.6).
Proposition 1. Let Assumptions A and B hold, p ≥ 2, β ∈ R,−∞ ≤
a < b ≤ ∞. Then the operator I : Bβ+α−
α
p
pp (Ea,b, V ) → H˜β+αp (E˜a,b, V )
is bounded: there is a constant C = C(α,K, µ, p, d) such that
(2.7) |Ig|H˜β+αp (E˜a,b,V ) ≤ C|g|Bβ+α−αppp (Ea,b,V ), g ∈ B
β+α−α
p
pp (Ea,b, V ).
Since for the scalar functions the norms (2.5) and (2.6) are equivalent,
we have the following statement.
Corollary 1. Let V = Lp(U,U ,Π). Then Proposition 1 holds with
H˜β+αp (E˜a,b, V ) replaced by H
β+α
p (E˜a,b, V ).
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Proof. Let V = Lp(U,U ,Π). If Ig ∈ Hβ+αp (E˜a,b, V ), then Π -a.e. Ig(·, ·, v) ∈
Hβ+αp (E˜a,b,R). Since the norms (2.3) and (2.4) are equivalent for the
scalar functions, we have
|Ig|p
Hβ+αp (E˜a,b,V )
=
∫ b
a
∫
Rd
∫
U
|(I −∆)(β+α)/2Ig(t, x, υ)|pΠ(dυ)dxdt
≤ C
∫ b
a
∫
U
∫
Rd
( ∞∑
j=0
22(β+α)j |ϕj ∗ Ig(t, x, υ)|2
)p/2
dxΠ(dυ)dt,
and by Minkowski inequality∫ b
a
∫
U
∫
Rd
( ∞∑
j=0
22(β+α)j |ϕj ∗ Ig(t, x, υ)|2
)p/2
dxΠ(dυ)dt
≤ C
∫ b
a
∫
Rd
( ∞∑
j=0
22(β+α)j |ϕj ∗ Ig(t, x, ·)|2V
)p/2
dxdt
= C|Ig|p
H˜β+αp (E˜a,b,V )
and the statement follows by Proposition 1. 
Proposition 2. Let Assumptions A (with d0 replaced by d0 + 1) and
B hold, p ≥ 2, β ∈ R,−∞ ≤ a < b ≤ ∞, and let V be a separable
Hilbert space.
Then there is a constant C = C(α,K, µ, p, d) such that
|∂α/2Ig|H¯βp (E˜a,b,V ) ≤ C|g|Hβp (Ea,b,V ), g ∈ H
β
p (Ea,b, V )
and
|∂α/2Ig|B¯βpp(E˜a,b,V ) ≤ C|g|Bβpp(Ea,b,V ), g ∈ B
β
pp(Ea,b, V ).
3. Moment estimates of discontinuous martingales
The following two-sided moment estimate for discontinuous martin-
gales should be well known (see e.g. [10] for this type of estimate
from above). For the sake of completeness we provide its proof. Let
p(dt, dυ) be a σ-finite point measure on ([0,∞)×U,B([0,∞))⊗U) with
a dual predictable projection measure pi(dt, dυ) such that pi ({t} × U) =
0, t ≥ 0, and let R(F) be the progressive σ-algebra on [0,∞)× Ω (see
[3]). Denote by L2loc the space of all R(F) ⊗ U-measurable functions
g(t, υ) = g(ω, t, υ) such that P-a.s.∫ t
0
∫
U
g(s, υ)2pi(ds, dυ) <∞
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for all t.
Lemma 1. Let p ≥ 2, g ∈ L2loc and
Qt =
∫ t
0
∫
U
g(s, υ)q(ds, dυ), t ≥ 0.
Then there are constants C = C(p) and c = c(p) > 0 such that for any
F-stopping time τ ≤ T
cE
[∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds) +
(∫ τ
0
∫
U
g(s, υ)2pi(dυ, ds)
)p/2]
≤ E[ sup
t≤τ
|Qt|p
]
(3.1)
≤ CE
[ ∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds) +
(∫ τ
0
∫
U
g(s, υ)2pi(dυ, ds)
)p/2]
Proof. Let
At =
∫ t
0
∫
U
g(s, υ)2p(ds, dυ), Lt =
∫ t
0
∫
U
g(s, υ)2pi(dυ, ds), t ≥ 0.
By the Burkholder–Davis–Gundy inequality (see [3]), there are positive
constants cp and Cp such that for each F-stopping time τ
cpE[A
p/2
τ ] ≤ E
[
sup
t≤τ
|Qt|p
] ≤ CpE[Ap/2τ ].
Denoting q = p/2 ≥ 1, we have
Aqτ =
∑
s≤τ
[
(As−+∆As)q−Aqs−
]
=
∫ τ
0
∫
U
[
(As−+g(s, υ)2)q−Aqs−
]
p(ds, dυ)
and
E[Aqτ ] = E
∫ τ
0
∫
U
[
(As− + g(s, υ)
2)q − Aqs−
]
pi(dυ, ds).
Since there are two positive constants c, C such that for all non-negative
numbers a, b
C
(
bq + aq−1b
) ≥ (a+ b)q − aq ≥ c(bq + aq−1b),
we have
CE
∫ τ
0
∫
U
[|g(s, υ)|p + Aq−1s− g(s, υ)2]pi(dυ, ds) ≥ E[Aqτ ](3.2)
≥ cE
∫ τ
0
∫
U
[|g(s, υ)|p + Aq−1s− g(s, υ)2]pi(dυ, ds).
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Hence,
cE
∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds) ≤ E[Aqτ ]
≤ CE
{∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds) + Aq−1τ Lτ
}
.
On the other hand, for q > 1,
Lqτ = q
∫ τ
0
Lq−1s dLs
and
E[Lqτ ] = qE
∫ τ
0
Lq−1s dAs ≤ qE[Lq−1τ Aτ ].
According to Young’s inequality, for each ε > 0 there is a constant Cε
such that
Aq−1τ Lτ ≤ εAqτ + CεLqτ ,
Lq−1τ Aτ ≤ εLqτ + CεAqτ .
Therefore, there is a constant C such that
E[Lqτ ] ≤ CE[Aqτ ],
E[Aqτ ] ≤ CE
{∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds) + Lqτ
}
,
E[Aqτ ] ≥ E
∫ τ
0
∫
U
|g(s, υ)|ppi(dυ, ds),
and the statement follows. 
Corollary 2. Let p ≥ 2, g = g(s, x, υ) be such that P-a.s.∫ T
0
∫
U
∫
Rd
g(s, x, υ)2pi(dυ, ds)dx <∞,
and
Q(t, x) =
∫ t
0
∫
U
g(s, x, υ)q(ds, dυ), 0 ≤ t ≤ T.
Then
E sup
s≤τ
|Q(s, ·)|pp ∼ E
{∫ τ
0
∫
U
|g(s, ·, υ)|pppi(dυ, ds) +
+
∣∣∣∣[ ∫ τ
0
∫
U
g(s, ·, υ)2pi(dυ, ds)
]1/2∣∣∣∣p
p
}
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and
E
∫ T
0
|Q(s, ·)|ppds ∼ E
∫ T
0
sup
s≤t
|Q(s, ·)|ppdt
∼ E
{∫ T
0
∫ t
0
∫
U
|g(s, ·, υ)|pppi(dυ, ds)dt+
+
∫ T
0
∣∣∣∣[ ∫ t
0
∫
U
g(s, ·, υ)2pi(dυ, ds)
]1/2∣∣∣∣p
p
dt
}
,
where|f |pp =
∫ |f(x)|pdx and ∼ denotes the equivalence of norms.
4. Proof of Proposition 1
Let us introduce the functions
ϕ˜0 = ϕ0 + ϕ1,
ϕ˜j = ϕj−1 + ϕj + ϕj+1, j > 1,
where ϕj , j ≥ 0, are defined in Subsection 2.2. Let
hjs,t(x) = F−1
{
exp
{∫ t
s
ψ(α)(r, ξ)dr
}
F ϕ˜j(ξ)
}
(x), j > 0.
According to Lemma 12 in [6] or inequality (36) and Lemma 16 in
[8], there are constants C, c > 0 such that for all s ≤ t, j ≥ 1,∫ ∣∣hjs,t(x)∣∣dx ≤ Ce−c2jα(t−s) ∑
k≤d0
[
2jα(t− s)]k,(4.1) ∫
|h0s,t(x)|dx ≤ C.
For g ∈ Bα−
α
p
pp (Ea,b, V ), we set
gj(t, ·) = g(t, ·) ∗ ϕj, j > 0.
Obviously,
ϕj ∗ Ig(s, t, ·) = Igj(s, t, ·), j > 0.
Since ϕj = ϕj ∗ ϕ˜j , j ≥ 0, we have
Igj(s, t, x) = hjs,t ∗ gj(s, x).
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Therefore, by Minkowski’s inequality,
|Ig|p
H˜βp (E˜a,b,V )
=
∫ b
a
∫ t
a
∫ ( ∞∑
j=0
22βj
∣∣ϕj ∗ Ig(s, t, x)∣∣2V)p/2dxdsdt
=
∫ b
a
∫ t
a
∫ ( ∞∑
j=0
22βj
∣∣hjs,t ∗ gj(s, x)∣∣2V)p/2dxdsdt
≤
∫ b
a
∫ t
a
( ∞∑
j=0
22βj
{∫ ∣∣hjs,t ∗ gj(s, x)∣∣pV dx}2/p
)p/2
dsdt.
By (4.1),{∫
|hjs,t ∗ gj(s, x)|pV dx
}1/p
≤
∫
|hjs,t(x)|dx|gj(s, ·)|V,p
≤ Ce−c2αj(t−s)|gj(s, ·)|V,p, j ≥ 0.
So,
|Ig|p
H˜βp (E˜a,b,V )
≤
∫ b
a
∫ t
a
( ∞∑
j=0
22βj{
∫
|hjs,t ∗ gj(s, x)|pV dx}2/p
)p/2
dsdt
≤ C
∫ b
a
∫ t
a
( ∞∑
j=0
e−c2
αj(t−s)22βj|gj(s, ·)|2V,p
)p/2
dsdt(4.2)
= C
∫ b
a
∫ b
s
( ∞∑
j=0
e−c2
αj(t−s)22βj |gj(s, ·)|2V,p
)p/2
dtds.
If p = 2, we have immediately
|Ig|2
Hβ2 (E˜a,b,V )
≤ C
∫ b
a
∫ b
s
∞∑
j=0
e−c2
αj(t−s)22βj |gj(s, ·)|2V,2dtds
≤ C
∫ b
a
∞∑
j=0
22βj2−αj|gj(s, ·)|2V,2ds.
If p > 2, we split the sum in (4.2) as follows:
∞∑
j=0
e−c2
αj(t−s)22βj|gj(s, ·)|2V,p =
∑
j∈J
e−c2
αj(t−s)22βj |gj(s, ·)|2V,p
+
∑
j∈N0\J
e−c2
αj(t−s)22βj |gj(s, ·)|2V,p = A(s, t) +B(s, t),
where J = {j ∈ N0 : 2αj(t− s) ≤ 1}.
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Fix κ ∈ (0, 2α
p
). Using Ho¨lder’s inequality, we get
A(s, t) ≤
∑
j∈J
22βj2κj2−κj|gj(s, ·)|2V,p
≤
(∑
j∈J
2qκj
)1/q(∑
j∈J
2pβj2−pκj/2|gj(s, ·)|pV,p
)2/p
with q = p
p−2 . Since ∑
j∈J
2qκj ≤ C(t− s)−qκ/α,
we have
A(s, t) ≤ C(t− s)− κα
(∑
j∈J
2pβj2−pκj/2|gj(s, ·)|pV,p
)2/p
= C(t− s)− κα
( ∞∑
j=0
1{(t−s)≤2−αj}2
pβj2−pκj/2|gj(s, ·)|pV,p
)2/p
.
So,∫ b
a
∫ b
s
A(s, t)p/2dtds ≤ C
∫ b
a
∞∑
j=0
2pβj2−pκj/2|gj(s, ·)|pV,p
∫ s+2−αj
s
(t− s)− pκ2αdtds
≤ C
∫ b
a
∞∑
j=0
2−αj2pβj |gj(s, ·)|pV,pds = C|g|p
B
β−αp
pp (Ea,b,V )
.
Let us consider the sum B(s, t). By Ho¨lder’s inequality,
B(s, t) ≤
{ ∑
j∈N0\J
e−c2
αj(t−s)
} 1
q
{ ∑
j∈N0\J
e−c2
αj(t−s)2βpj|gj(s, ·)|pV,p
} 2
p
with q = p
p−2 . Since e
−c2αj(t−s) is decreasing in j,∑
j∈N0\J
e−c2
αj(t−s) ≤
∫
{2αr(t−s)≥1}
e−c2
−α2αr(t−s)dr ≤ C.
Therefore,∫ b
a
∫ b
s
B(s, t)p/2dtds ≤ C
∫ b
a
∞∑
j=0
∫ b
s
e−c2
αj(t−s)dt2βpj|gj(s, ·)|pV,pds
≤ C
∫ b
a
∞∑
j=0
2−αj2βpj |gj(s, ·)|pV,pds.
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Finally,
|Ig|p
H˜βp (E˜a,b,V )
≤ C
[ ∫ b
a
∫ b
s
A(s, t)p/2dtds+
∫ b
a
∫ b
s
B(s, t)p/2dtds
]
≤ C
∫ b
a
∞∑
j=0
2−αj2βpj|gj(s, ·)|pV,pds ≤ C|g|p
B
β−αp
pp (Ea,b,V )
.
The proposition is proved.
5. Proof of Proposition 2
In the proof we follow an idea communicated by N.V. Krylov.
5.1. Auxiliary results. We start with
Lemma 2. Let δ ∈ (0, 1), l ∈ (−d, δ). Assume that a function F :
Rd0 → R satisfies the inequalities
|F (ξ)| ≤ C|ξ|l, |∇F (ξ)| ≤ C|ξ|l−1, ξ ∈ Rd0.
Then
|∂δF (ξ)| ≤ C|ξ|l−δ, ξ ∈ Rd0.
Proof. For any ξ ∈ Rd0,
|∂δF (ξ)| = C
∣∣∣∣ ∫ [F (ξ + y)− F (ξ)] dy|y|d+δ
∣∣∣∣
≤ C
∫
|y|> 1
2
|ξ|
[|F (ξ + y)|+ |F (ξ)|] dy|y|d+δ
+C
∫
|y|≤ 1
2
|ξ|
∫ 1
0
|∇F (ξ + sy)| dsdy|y|d+δ−1 ,
where the constant C = C(δ).
Changing the variable of integration, y = |ξ|y¯, we have∫
|y|> 1
2
|ξ|
|F (ξ + y)| dy|y|d+δ ≤ C
∫
|ξ + y|l dy|y|d+δ
= C|ξ|l−δ
∫
|y¯|≥ 1
2
| ξ|ξ| + y¯|
l dy¯
|y¯|d+δ
≤ C|ξ|l−δ sup
|w|=1
∫
|y¯|≥ 1
2
|w + y¯|l dy¯|y¯|d+δ .
Obviously,∫
|y|≥ 1
2
|ξ|
|F (ξ)| dy|y|d+δ ≤ C|ξ|
l
∫
|y|≥ 1
2
|ξ|
dy
|y|d+δ ≤ C|ξ|
l−δ.
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If |y| ≤ 1
2
|ξ|, s ∈ (0, 1), then |ξ + sy| ≥ |ξ| − s|y| ≥ 1
2
|ξ| and∫
|y|≤ 1
2
|ξ|
∫ 1
0
|∇F (ξ + sy)| dsdy|y|d+δ−1 ≤ C
∫
|y|≤ 1
2
|ξ|
∫ 1
0
|ξ + sy|l−1 dsdy|y|d+δ−1
≤ C
∫
|y|≤ 1
2
|ξ|
|ξ|l−1 dy|y|d+δ−1 ≤ C|ξ|
l−δ.

We will need some facts about maximal and sharp functions as well
(see [13]).
For each (s, z) ∈ Rd+1 and δ > 0 we consider a family of open sets
B(s, z; δ) of the form
B(s, z; δ) = (s− δα, s+ δα)× (z1 − δ, z1 + δ)× . . .× (zd − δ, zd + δ).
Let Qδ be the family of all B(s, z; δ), (s, z) ∈ Rd+1, and Q = ∪δ>0Qδ.
The collection Q satisfies the basic assumptions in [13] (see I.2.3 in
[13]).
Let h ∈ L1(Rd+1). For the rectangle B ∈ Q we set
hB =
1
mesB
∫
B
h(s, y)dsdy,
h#B =
1
mesB
∫
B
|h(s, y)− hB|dsdy.
Let
Mh(t, x) = sup
δ>0
1
mesB(t, x; δ)
∫
B(t,x;δ)
|h(s, y)|dsdy,
h#(t, x) = sup
B∈Q,(t,x)∈B
h#B , (t, x) ∈ Rd+1.
In the definition of h# the supremum is taken over all B ∈ Q = ∪δ>0Qδ
such that (t, x) ∈ B. The functions Mh and h# are called the maximal
and sharp functions of h.
By Ho¨lder’s inequality for h ∈ L2(Rd+1),
(5.1)
(
h#B
)2
≤ 1
mesB
∫
B
h2(s, y)dsdy,
(5.2)
(
h#B
)2
≤ 1
(mes B)2
∫
B
∫
B
(h(s, y)− h(u, z))2dudzdsdy.
We will also use the maximal functions defined by
Mf(x) = sup
r>0
1
mesBr(0)
∫
Br(x)
|f(y)|dy,
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where Br(x) = {y ∈ Rd : |y − x| < r}.
As it is well known ([13], Theorem IV.2.2, ), for h ∈ Lp(Rd+1), p > 1,
the following norms are equivalent:
(5.3) |h|p ∼ |Mh|p ∼ |h#|p.
Also, for h ∈ Lp(Rd), p > 1,
(5.4) |h|p ∼ |Mh|p.
Lemma 3. Let f ∈ C∞0 (Rd) and v be a continuously differentiable
function on Rd such that lim|z|→∞ |v(z)| = 0. Let R,R1 ≥ 0, x, y ∈ Rd,
|x− y| ≤ R1 and f(z) = 0 if |y − z| ≤ R.
Then
|(f ∗ v)(y)| ≤ C[Mf 2(x)] 12 ∫ ∞
R
(R1 + ρ)
dΦ(ρ)dρ,
where the constant C = C(d) and
Φ(ρ) =
(∫
|w|=1
(∇v(ρw), w)2dw)12 ,
where dw is the counting measure on {−1, 1} if d = 1, and dw is the
Lebesgue measure if d ≥ 2.
Proof. Integrating by parts, we have∫
f(y − z)v(z)dz =
∫ ∞
R
∫
|w|=1
f(y − ρw)v(ρw)ρd−1dwdρ
=
∫ ∞
R
∫
|w|=1
v(ρw)
d
dρ
∫ ρ
R
f(y − rw)rd−1drdwdρ
=
∫
|w|=1
[
v(ρw)
∫ ρ
R
f(y − rw)rd−1dr
]∣∣∣∣∞
R
dw
−
∫ ∞
R
∫
|w|=1
∫ ρ
R
f(y − rw)rd−1dr(∇v(ρw), w)dwdρ
= −
∫ ∞
R
∫
|w|=1
∫ ρ
R
f(y − rw)rd−1dr(∇v(ρw), w)dwdρ.
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Therefore, by Ho¨lder’s inequality,
|(f ∗ v)(y)| ≤
∫ ∞
R
(∫ ρ
R
∫
|w|=1
f 2(y − rw)rd−1dwdr
)1
2
(∫ ρ
R
rd−1dr
) 1
2
Φ(ρ)dρ
≤ C
∫ ∞
R
(∫
Bρ(y)
f 2(z)dz
) 1
2
ρ
d
2Φ(ρ)dρ
≤ C
∫ ∞
R
(∫
BR1+ρ(x)
f 2(z)dz
) 1
2
ρ
d
2Φ(ρ)dρ
≤ C
∫ ∞
R
(R1 + ρ)
d
2ρ
d
2
(
sup
ρ>0
(R1 + ρ)
−d
∫
BR1+ρ(x)
f 2(z)dz
) 1
2
Φ(ρ)dρ
≤ C[Mf 2(x)] 12 ∫ ∞
R
(R1 + ρ)
dΦ(ρ)dρ.

5.2. Proof of Proposition 2. 10. Since (I−∆)β/2 : Hsp → Hs−β/2p , s ∈
R, is an isomorphism (see [12]), it is enough to prove the first inequality
for β = 0. Also, it is enough to consider g ∈ C∞0 (Rd+1, V ), the space
of smooth V -valued functions on Rd+1 with compact support.
Let us introduce the function
ψ˜
(α)
(t, ξ) = ψ(α)
(
t,
ξ
|ξ|
)
, ξ ∈ Rd0 = {ξ ∈ Rd : ξ 6= 0}.
Obviously, if α 6= 1,
(5.5) ψ(α)(t, ξ) = |ξ|αψ˜(α)(t, ξ).
Since
(w, ξ) ln |(w, ξ)| = |ξ|(w, ξ|ξ|) ln[|(w,
ξ
|ξ|)|ξ|]
= |ξ|(w, ξ|ξ|) ln |(w,
ξ
|ξ|) + |ξ|(w,
ξ
|ξ|) ln |ξ|
and
∫
|w|=1wm
(1)(t, w)dw = 0, the equality (5.5) holds for α = 1 as well.
By Assumption B,
Re ψ˜
(α)
(t, ξ) ≤ −µ < 0, t ∈ R, ξ ∈ Rd0.
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Let p = 2 and g ∈ H02 (Ea,b, V ). Then, by Parseval’s equality,
|∂α/2Ig|2
H02 (E˜a,b,V )
=
∫ b
a
∫ t
a
∫
|∂α/2Ig(s, t, x)|2V dxdsdt
=
∫ b
a
∫ t
a
∫ ∣∣|ξ|α/2e|ξ|α ∫ ts ψ˜(α)(r,ξ)drFg(s, ξ)∣∣2
V
dξdsdt
≤
∫ b
a
∫ t
a
∫
|ξ|αe−2µ|ξ|α(t−s)|Fg(s, ξ)|2V dξdsdt
=
∫ ∫ b
a
∫ b
s
|ξ|αe−2µ|ξ|α(t−s)|Fg(s, ξ)|2V dtdsdξ
≤ (2µ)−1
∫ b
a
∫
|Fg(s, ξ)|2V dξds
= (2µ)−1|g|2H02(Ea,b,V ).(5.6)
20. Let p > 2. We extend the functions g ∈ H0p (Ea,b, V ) by zero out-
side the interval [a, b] if necessary. Obviously, the extended functions
belong to H0p (E, V ), where E = E−∞,∞ = R
d+1.
For g ∈ H0p (E, V ) we denote
Gg(s, y) =
{∫ s
−∞
∣∣∣∣∫ ∂α/2Gu,s(y − y′)g(u, y′)dy′∣∣∣∣2
V
du
}1/2
=
{∫ s
−∞
∣∣∣∣∫ Gu,s(y − y′)∂α/2g(u, y′)dy′∣∣∣∣2
V
du
}1/2
.
Note that by triangle inequality in L2((−∞, s], V ) we have for g1, g2,∈
H0p (E, V ),
G(g1 + g2)(s, y) ≤ Gg1(s, y) +Gg2(s, y),(5.7)
|G(g1 + g2)(s, y)−Gg1(s, y)| ≤ Gg2(s, y).
According to (5.3) and (5.4) it is enough to prove that there is a con-
stant C such that for all g ∈ H0p (E, V ), (t, x) ∈ Rd+1
(5.8) (Gg)# (t, x) ≤ C(MtMx|g|2V (t, x))1/2,
where Mt and Mx denote the maximal functions defined using the
balls in R and Rd and
(Gg)# (t, x) = sup
B∈Q,(t,x)∈B
1
mes(B)
∫
B
|Gg(s, y)− (Gg)B|dsdy.
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Since B ∈ Q is of the form
B = (s0 − δα, s0 + δα)× (z1 − δ, z1 + δ)× . . .× (zd − δ, zd + δ)}
= (s˜0, z) + B˜(0, 0; δ),
with s˜0 = s0+ δ
α,B˜(0, 0; δ) = (−2δα, 0)× (−δ, δ)d, it is straightforward
to verify that
1
mes(B)
∫
B
|Gg(s, y)− (Gg)B|dsdy
=
1
mes(Q0)
∫
Q0
|Gg(s˜0 + δαs, z + δy)− (Gg(s˜0 + δα·, z + δ·))Q0|dsdy,
where Q0 = B˜(0, 0; 1).
Changing the variable of integration, u = s˜0 + δ
αs, y′ = z + δy, we
see that
Gg(s˜0 + δ
αt, z + δx)
=
{∫ s˜0+δαt
−∞
∣∣∣∣∫ ∂α/2Gu,s˜0+δαt(z + δx− y′)g(u, y′)dy′∣∣∣∣2
V
du
}1/2
= δ
α
2
+d
{∫ t
−∞
∣∣∣∣∫ ∂α/2Gs˜0+δαs,s˜0+δαt(δ(x− y))g(s˜0 + δαs, z + δy)dy∣∣∣∣2
V
ds
}1/2
=
{∫ t
−∞
∣∣∣∣∫ ∂α/2Gs˜0,δs,t (x− y)g(s˜0 + δαs, z + δy)dy∣∣∣∣2
V
ds
}1/2
,
where
Gs0,δs,t (x) = F−1
(
exp
{∫ t
s
ψ(α)(s0 + δ
αr, ξ)dr
})
(x)
with
ψ(α)(s0 + δ
αt, ξ) = i(b(s0 + δ
αt), ξ)1α=1 −
d∑
i,j=1
Bij(s0 + δ
αt)ξiξj1α=2
−C
∫
Sd−1
|(w, ξ)|α
[
1− i
(
tan
αpi
2
sgn(w, ξ)1α6=1
−2
pi
sgn(w, ξ) ln |(w, ξ)|1α=1
)]
m(α)(s0 + δ
αt, w)dw.
Note that for every s˜0 ∈ Rd, δ > 0, the coefficients b(s0+ δαt), Bij(s0+
δαt), m(α)(s0 + δ
αt, w), t ∈ R,w ∈ Sd−1, satisfy the assumptions A,B
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with the same constants K and µ. Therefore for (5.8) it is enough to
show the inequality
(5.9) (Gg)#Q0 ≤ C (MtMx|g(t, x) |2V )1/2, (t, x) ∈ Q0,
with
Q0 = B˜(0, 0; 1) =
{
(t, x) ∈ [−2, 0]× [−1, 1]d}
We consider the following three cases:
(1) g(t, x) = 0, (t , x) /∈ [−12, 12]×B3√d(0);
(2) g(t, x) = 0, (t, x) /∈ [−12, 12]×Rd;
(3) g(t, x) = 0, t ≥ −8, x ∈ Rd .
For the estimates of the derivatives of Gu,s(x) the following repre-
sentation is helpful. For u < s, x ∈ Rd, j, k = 1, . . . , d,
∂j∂k∂
α/2Gu,s(x) = (s− u)− dα− 12− 2αF j,ku,s
(
(s− u)− 1αx
)
,(5.10)
∂j∂
α/2Gu,s(x) = (s− u)− dα− 12− 1αF ju,s
(
(s− u)− 1αx
)
,
∂s∂
α
2Gu,s(x) = (s− u)− dα− 32 F¯u,s((s− u)− 1αx),
∂j∂s∂
α
2Gu,s(x) = (s− u)− dα− 32− 1α F¯ ju,s((s− u)−
1
αx),
with
F j,ku,s = F−1
{
−ξjξk|ξ|
α
2 exp
{
−|ξ|α 1
(s− u)
∫ s
u
ψ˜
(α)
(r, ξ)dr
}}
,
F ju,s = F−1
{
iξk|ξ|
α
2 exp
{
−|ξ|α 1
(s− u)
∫ s
u
ψ˜
(α)
(r, ξ)dr
}}
,
F¯u,s = F−1
{
−|ξ| 32αψ˜(α)(s, ξ) exp
{
−|ξ|α 1
(s− u)
∫ s
u
ψ˜
(α)
(r, ξ)dr
}}
,
F¯ ju,s = F−1
{
−iξj |ξ|
3
2
αψ˜
(α)
(s, ξ) exp
{
−|ξ|α 1
(s− u)
∫ s
u
ψ˜
(α)
(r, ξ)dr
}}
.
By definition of the inverse Fourier transform, all functions F j,ku,s , F
j
u,s, F¯u,s, F¯
j
u,s
are uniformly bounded.
30. First, we prove that in the case (1)
(5.11)
∫
Q0
(Gg)(s, y)2dsdy ≤ CMtMx|g(t, x)|2V
for all (t, x) ∈ Q0.
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Repeating the proof of (5.6), we have∫
Q0
(Gg)2(s, y)dsdy ≤
∫ ∞
−∞
∫ s
−∞
∫
|ξ|αe−2µ|ξ|α(s−u)|Fg(u, ξ)|2V dξduds
≤ (2µ)−1
∫ ∞
−∞
∫
|g(u, y)|2V dudy
= (2µ)−1
∫ 12
−12
∫
B
2
√
d
(0)
|g(u, y)|2V dydu.
Now for every (t, x) ∈ Q0,∫ 12
−12
∫
B3
√
d
(0)
|g(u, y)|2V dydu
≤ mes (B5√d(0))
∫ 12
−12
1
mes (B5
√
d(x))
∫
B5
√
d
(x)
|g(u, y)|2V dydu
≤ mesB5√d(0)
∫ 12
−12
Mx|g(u, x)|2V du
≤ CMtMx|g(t, x)|2V
and (5.11) is proven.
40. Now we prove that (5.11) holds in the case (2) as well. Since
(5.11) holds for g(t, z) = 0, (t , z) /∈ [−12, 12] × B3√d(0), it is enough
to consider g(t, z) such that g(t, z) = 0 if |t| > 12 or |z| ≤ 2√d. By
Minkowski’s inequality,
(Gg)2(s, y) =
∫ s
−∞
∣∣∣∣∫ ∂α/2Gu,s(y − y′)g(u, y′)dy′∣∣∣∣2
V
du
≤
∫ s
−12
(∫
|∂α/2Gu,s(y − y′)| |g(u, y′)|V dy′
)2
du.
According to Lemma 3 (in our case R =
√
d, R1 = 2
√
d),(∫
|∂α/2Gu,s(y − y′)| |g(u, y′)|V dy′
)2
≤ CMx|g(u, x)|2V ×
×
∫ ∞√
d
(2
√
d+ ρ)d
(∫
|w|=1
d∑
j=1
|∂j∂α/2Gu,s(ρw)|2dw
)1/2
dρ
2
≤ CMx|g(u, x)|2V κ(u, s),
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where
κ(u, s) =
∫ ∞
1
ρd
(∫
|w|=1
d∑
j=1
|∂j∂α/2Gu,s(ρw)|2dw
)1/2
dρ
2 .
By (5.10),
κ(u, s) = (s−u)− 2dα −1− 2α
∫ ∞
1
ρd
(∫
|w|=1
d∑
j=1
|F ju,s(ρ(s− u)−
1
αw)|2dw
)1/2
dρ
2 .
Changing the variable of integration, ρ(s−u)− 1α = r, and using Ho¨lder’s
inequality, we get
κ(u, s) = (s− u)−1
∫ ∞
(s−u)− 1α
rd
(∫
|w|=1
d∑
j=1
[F ju,s(rw)]
2dw
)1/2
dr
2
≤ (s− u)−1
∫ ∞
(s−u)− 1α
r−1−
α
2 dr
∫ ∞
0
r2d+1+
α
2
∫
|w|=1
d∑
j=1
[F ju,s(rw)]
2dwdr
≤ C(s− u)− 12
∫ d∑
j=1
[
|x| d2+1+α4 F ju,s(x)
]2
dx.
Hence, by Parseval’s equality,
κ(s, u) ≤ C(s− u)− 12
∫ d∑
j=1
∣∣∂ d2+1+α4FF ju,s(ξ)∣∣2dξ.
Due to our assumptions A, B and Lemma 2, the last integral is finite.
Therefore∫
Q0
(Gg)2dsdy ≤ C
∫ 0
−2
∫ s
−12
(s− u)− 12Mx|g(u, x)|2V duds
= C
(∫ −2
−12
∫ 0
−2
l(s, u, x) dsdu+
∫ 0
−2
∫ 0
u
l(s, u, x) dsdu
)
≤ C
∫ 0
−12
Mx|g(u, x)|2V du ≤ CMtMx|g(t, x)|2V(5.12)
for all (t, x) ∈ Q0 with
l(s, u, x) = (s− u)− 12Mx|g(u, x)|2V .
.
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50. We will show that in the case (3)
(5.13)
∫
Q0
|Gg(s, y)−Gg(t′, x′)|2dsdy ≤ CMtMx|g|2V (t, x)
with all (t, x), (t′, x′) ∈ Q0. We estimate the Lipschitz constant of Gg
in t and x. Obviously, for each (s, y), (t′, x′) ∈ Q0
(5.14)
|Gg(s, y)−Gg(t′, x′)| ≤ C
(
sup
(s,y)∈Q0
|∇Gg(s, y)|+ sup
(s,y)∈Q0
|∂sGg(s, y)|
)
.
First we estimate |∇Gg(s, y)| in (5.14). Let ϕ ∈ C∞0 (Rd), 0 ≤ ϕ ≤
1, ϕ(x) = 1 if |x| ≤ 2√d, ϕ(x) = 0 if |x| < 3√d, and
g2(u, y
′) = g(u, y′)ϕ(y′),
g1(u, y
′) = g(u, y′) (1− ϕ(y′)) , (u, y′) ∈ Rd+1.
Since g(u, y′) = 0 if u ≥ −8, applying Ho¨lder’s and Minkowski’s in-
equalities, we derive for s ∈ [−2, 0], |y| ≤ 1,
|∇Gg(s, y)|2 ≤
∫ −8
−∞
∣∣∣∣∫ ∇∂α/2Gu,s(y − y′)g(u, y′)dy′∣∣∣∣2
V
du
≤ 2
∫ −8
−∞
(∫
|y′|>2
√
d
|∇∂α/2Gu,s(y − y′)| |g1(u, y′)|V dy′
)2
du
+2
∫ −8
−∞
(∫
|y′|≤3
√
d
|∇∂α/2Gu,s(y − y′)| |g2(u, y′)|V dy′
)2
du
= 2(A1(s, y) + A2(s, y)).
For any (t, x) ∈ Q0, according to (5.10) and Lemma 1 (applied for
d = 1),
A2(s, y) ≤
∫ −8
−∞
sup
|z|≤4√d
|∇∂α/2Gu,s(z)|2(
∫
|y′|≤3
√
d
|g(u, y′)|V dy′)2du
≤ C
∫ −8
−∞
sup
|z|≤4
√
d
|∇∂α/2Gu,s(z)|2( 1
mes B4
√
d(x)
∫
|x−y′|≤4√d
|g(u, y′)|2V dy′)
≤ C
∫ −8
−∞
(s− u)− 2dα −1− 2αMx(|g|2V )(u, x)du ≤ CMtMx(|g|2V )(t, x)
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According to Lemma 3 (in our case R =
√
d and R1 = 2
√
d),(∫
|y′|≥2
√
d
|∇∂α/2Gu,s(y − y′)| |g1(u, y′)|V dy′
)2
≤ CMx|g(u, x)|2V ×
×
(∫ ∞
√
d
(2
√
d+ ρ)d
(∫
|w|=1
d∑
j=1
|∂j∇∂α/2Gu,s(ρw)|2dw
)1/2
dρ
)2
≤ CMx|g(u, x)|2V κ˜(u, s),
where
κ˜(u, s) =
(∫ ∞
1
ρd
(∫
|w|=1
d∑
j=1
|∂j∇∂α/2Gu,s(ρw)|2dw
)1/2
dρ
)2
.
By (5.10) and Ho¨lder’s inequality
κ˜(u, s) = (s− u)−p
(∫ ∞
1
ρd
(∫
|w|=1
d∑
j,k=1
[
F j,ku,s(ρ(s− u)−
1
αw)
]2
dw
)1/2
dρ
)2
≤ (s− u)−p
∫ ∞
1
ρ−2dρ
∫ ∞
1
ρ2d+2
∫
|w|=1
d∑
j,k=1
[
F j,ku,s
(
ρ(s− u)− 1αw)]2dwdρ
= (s− u)−p
∫
|x|≥1
|x|d+3
d∑
j,k=1
[
F j,ku,s
(
(s− u)− 1αx)]2dx
with p = 2d+4
α
+ 1.
Changing the variable of integration, y = (s − u)− 1αx, we get by
Parseval’s equality
κ˜(u, s) ≤ (s− u)−1− 1α
∫
|y|d+3
d∑
j,k=1
[
F j,ku,s (y)
]2
dy
= (s− u)−1− 1α
∫ d∑
j,k=1
∣∣∣∂ d+32 FF j,ku,s(ξ)∣∣∣2dξ.
Due to our assumptions and Lemma 2, the last integral is finite. Hence,
κ˜(u, s) ≤ C(s− u)−1− 1α
and for (s, y) ∈ Q0,
A1(s, y) ≤
∫ −8
−∞
Mx|g|2V (u, x)κ˜(u, s)du ≤ C
∫ −8
−∞
Mx|g|2V (u, x)(s−u)−1−
1
αdu.
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Therefore by Lemma 1 (in the case d = 1), for (s, y) ∈ Q0, (t, x) ∈ Q0,
(5.15) |∇Gg(s, y)|2 ≤ A1(s, y) + A2(s, y) ≤ CMtMx|g|2V (t, x).
Now we estimate |∂sGg(s, y)|. Applying Ho¨lder’s and Minkowski’s
inequalities, we get for (s, y) ∈ Q0,
[∂sG(s, y)]
2 ≤
∫ −8
−∞
∣∣∣∣∫ ∂s∂α/2Gu,s(y − y′)g(u, y′)dy′∣∣∣∣2
V
du
≤ 2
∫ −8
−∞
(∫
|y′|>2√d
|∂s∂α/2Gu,s(y − y′)| |g1(u, y′)|V dy′
)2
du
+
∫ −8
−∞
(∫
|y′|≤3
√
d
|∂s∂α/2Gu,s(y − y′)| |g2(u, y′)|V dy′
)2
du
= 2B1(s, y) + 2B2(s, y).
According to Lemma 3,(∫
|y′|>2
√
d
|∂s∂α/2Gu,s(y − y′)| |g1(u, y′)|V dy′
)2
≤ CMx|g|2V (u, x)×
×
(∫ ∞
√
d
(2
√
d+ ρ)d
(∫
|w|=1
d∑
j=1
[
∂j∂s∂
α/2Gu,s(ρw)
]2
dw
)1
2
dρ
)2
≤ Cκ¯(u, s)Mx|g|2V (u, x),
where
κ¯(u, s) =
(∫ ∞
1
ρd
(∫
|w|=1
d∑
j=1
[
∂j∂s∂
α/2Gu,s(ρw)
]2
dw
)1
2
dρ
)2
.
According to (5.10), we have by Ho¨lder’s inequality
κ¯(u, s) = (s− u)−p
(∫ ∞
1
ρd
(∫
|w|=1
d∑
j=1
[
F¯ ju,s(ρ(s− u)−
1
αw)
]2
dw
)1
2
dρ
)2
≤ (s− u)−p
∫ ∞
1
ρ−1−αdρ
∫ ∞
1
ρ2d+1+α
∫
|w|=1
d∑
j=1
[
F¯ ju,s(ρ(s− u)−
1
αw)
]2
dwdρ
≤ C(s− u)−p
∫
|x|≥1
|x|d+2+α
d∑
j=1
[
F¯ ju,s((s− u)−
1
αx)
]2
dx,
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where p = 2d
α
+ 3 + 2
α
. Changing the variable of integration, y =
(s− u)− 1αx, we get by Parseval’s equality
κ¯(u, s) ≤ C(s− u)−2
∫ d∑
j=1
[|y| d2+1+α2 F¯ ju,s(y)]2dy
≤ C(s− u)−2
∫ d∑
j=1
∣∣∂ d2+1+α2F F¯ ju,s(ξ)∣∣2dξ.
Due to our assumptions and Lemma 2, the last integral is finite. Hence,
κ¯(u, s) ≤ C(s− u)−2
and, by Lemma 1 (d = 1) it follows for (s, y), (t, x) ∈ Q0,
(5.16)
B1(s, y) ≤ C
∫ −8
−∞
(s− u)−2Mx|g|2V (u, x)du ≤ CMtMx|g|2V (t, x).
For any (s, y), (t, x) ∈ Q0, according to (5.10) and Lemma 1 (d = 1),
B2(s, y) ≤
∫ −8
−∞
sup
|z|≤4
√
d
|∂s∂α/2Gu,s(z)|2(
∫
|y′|≤3√d
|g(u, y′)|V dy′)2du
≤ C
∫ −8
−∞
sup
|z|≤4
√
d
|∂s∂α/2Gu,s(z)|2( 1
mes B4
√
d(x)
∫
|x−y′|≤4
√
d
|g(u, y′)|2V dy′)
≤ C
∫ −8
−∞
(s− u)− 2dα −3Mx|g|2V (u, x)du ≤ CMtMx(|g|2V )(t, x).
Summarizing, we have for all (s, y), (t, x) ∈ Q0,
|∇G(s, y)|2 + [∂sG(s, y)]2 ≤ CMtMx(|g|2V )(t, x)|2V .
Therefore (5.13) follows and we showed that (5.11) holds in the first
and second case.
60. Now we show that (5.11) in the case (2)-(1) and (5.13) in the case
(3) imply (5.9). Let ϕ be a continuos function on R with all bounded
derivatives such that 0 ≤ ϕ ≤ 1, ϕ(s) = 0 if −8 ≤ s, ϕ(s) = 1 if s ≤ −9.
Let
g1(s, y) = g(s, y)ϕ(s), (s, y) ∈ Rd+1,
g2 = g − g1.
Then by (5.7),
|Gg − (Gg)Q0| ≤ |G(g1 + g2)−Gg1|+ |Gg1 − (Gg1)Q0 |
+| (Gg1)Q0 − (Gg)Q0| ≤ Gg2 + (Gg2)Q0 + |Gg1 − (Gg1)Q0 |
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and
(Gg)#Q0 ≤ (Gg1)#Q0 + 2(Gg2)Q0
Now, by (5.1) and (5.2), the required inequality (5.9) follows from
(5.11), (5.12) and (5.13). The first assertion of the proposition is
proved.
70. The estimates in Besov spaces follow immediately because(
∂α/2Ig)
j
= ∂α/2Igj
and we have shown that∫ b
a
∫
Rd
(∫ t
a
∣∣ϕj ∗ f(s, t, x)∣∣2V ds)p/2dxdt
=
∫ b
a
∫
Rd
(∫ t
a
∣∣(∂α/2Ig(s, t, x))
j
∣∣2
V
ds
)p/2
dxdt
=
∫ b
a
∫
Rd
(∫ t
a
∣∣∂α/2Igj(s, t, x)∣∣2V ds)p/2dxdt
≤ C
∫ b
a
|gj(s, ·)|pV,pds.
The proposition is proved.
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